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In thi s note three aspects of the mixture of
continuous di stributions ore considered. Fi,rstly, a
finite mixture of densities involving ¢( 'Y l' 'j 2
, , , "11 ; (J , A1 x , ,,, • "" x) is considered on d
the d i stribution of the sum of independent varia-
bles, each from such a mixture, is obtained. Se-
condly, characterization of a mi x t u r e of k GOl1l1ll0
distributions is o t t empte d. Fillolly, ,Ilon-,celltral
chi-square and doubly nan-central F is di scussed
in relation to a finite mixture of normal distri-
bu t i o n s •
f. Introduction. Analysis or mixturr- or d ist r ihut ion s has rvcc ivcd a t t cut iun for
(wI'n main lv on till' pwhlclII or ('slimalion or the paraml'lers and III" prohl em or
it!"nlil'il'al ion whivh art' illnslral"d in llill 1.141, f IS' Hnd IIh! . Variolls /l1f'-
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oel ill a 1!wlIl'('d (lata [l:ll iIIlff ["141 alld other IPchlliqlles art· IIs('d I'or th i....I'urpo-
~e. 1\1....0, th is author [41 has rt'(,f~lIi1y ('onsidl'r"d II'e di ....tri hu t ion or thosum of in-
e1f'J){'IIc1I'nlvarial.I(·s, "ad, with a lin i t c ru ixt ure of E''1HlIIelllial (li"lrilllllions as
thdr Ilellsilies. In [2' ,I'or r-xam p]e, anal~'sis of var ium-e is e1bl;usscd ill re lat io n
to a mixture of 1\\0 normal populations, Hl'rt" in 111i'"not e , Ihre(' aspl'l'ls arr- dl'all
in relation to a [in ite mixtur e, Firs")', llislrilJulioll of tlu- sum of s illdqwndl'lIl
varj ahlc s ear-h from a finite mixrure in\o/ving the hyper-gl·oml·trie [uuct ion [Il'!
cD2 (,11, (I. 2' , .. , ,.1.11 ; fJ ' ,\ 1 .v , .. , , . '\', .v ) is cou s idr-rr-d and it is shl\\n rhat Ill('
re"nlts of r 11 are II,,· p'HI ir-u lar ('ases of this ~,,"pral s itum iun. IncidPlllal'y, ill-
II·rt~Slill~ apl'lil·alioll ....of till' (;"lIl'ral [unr-t iou s illcluelill~ h)'p('r-geonll'lric I'ulleti",~ ...
('all IH' I'olllld ill [:-ll, IJI , [(j" • 17\ and [UI. SI'('ollelly, a mixture of k - (;amllla
dislril.ulions is la\.:I·1I lip and tho dtaraClnizalioll of such a mixture is att empt cd
ill 1('rllIs of 11I\I·rl(·d Iliriddl'\'s ,lislril.lllillll. Fur'hn il is SIIlIl\1I Ihal lIJi~ is II",
gelleral rI'sult of parlin.!ar ('as(' of [91. Finally a !'illilf' mixlurl' of K -llormal
popula!iolls is "on,,,iden'd alld II,,· non-celllral (·hi-,"'lJuare and dou"'l)' non-celll!,,1
I' disll'ilmliolls arl' ("'all ill r"'alioll 10 Ihis mixture.
2. Distributiol/ oJ the SUII/. Lollsidpr a tll>lIsit)'
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wh t'rt' It. -= 2 I. a. {1 "- I. (3 alld 2 I· 5 alltl " III (~)) ruu » 011 till'1 i: I J 1/ j~ 1 / / i' 1 I
I.' 5. 11I\f'rrilll! (S), \\t' ha\I' rht, di"trihllrioll III' ,hI' "11111 01,0.;
/
5
U -=" \'.i--:;I ' 1 110\\ it j,o.; 1'01"\ 10 ,o.;Pc' Ih,' ,rc',o.;1111 or 1-'1 ,,, till' ,o.;I"Tial ,'a"f' .. I'
((i) .
3. Mixture 0/ Fiuit e Number 0/ Gamma distr ibnt ions , No\\, f'1I11"i,kr
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"here sb . (x) =. f
k
j(x) ~ L (J,¢,
j = 1 f J
a . - I
1 , I'x· ! (a,)
J
, x'> 0 ,
-.\'e and Ihe f),'s are as before. \l(. "'lall' 1.11'10\\aJ
a ch aruc-teri zutiuu of (7) as I'ullu\\s .
THEOI<EM. Necessary and sujjiciellt c ond it ion tb at a set oj in d epe nde n t rall-
d0711 uar iable s xl' x2' 0 •• , Xlii possess the den s ity (7) is, that a set c [ i.aria -
b le s y = x ,j Y j = 1 II, follow tbe distribution, j f' n+ 1 '
11
j( v I' )' 2 ' . 0 • 0 Y II ) 1 f) 1
ub ere
(/ I - 1 a- 1
y 1 ... )/n n r'(a j alli 1) (9)
y 1 0 ., 0, )'11 '> (J and a = a 1 + •.• + all .
'1'1.1' d(',scriplion of Ihl' 1\\0 snms in (U) an d th e no tat ion a, "s are d('scri lll'd
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"IIl'n' ,-'s can lak., lalne,., 12 ..... k. Fllrlllt'!' till' .Iisirilllllilln 01" 1".- r-' s
j I
delJl'll(I'JII 1_' c- I II I - (101) I- I I- 1 I IIJ -, a nr It' S""IIn' "'11111 In ) 0 'III' c xam p e. i I - II _ I Il'II a
II" II and A' 2.
( 10c)
Lookin,:! at (JOeL "(' vau nllli('(' tllal t h« firsl slIbsnipl of c/> ('llI'rt''''ponds 10 Ihe
ohsr-rvni ion numh r-r "h ill' Ih,> "'.·.·ond snhs"ri pi "IIrrespond_" tu 11r .. paralll"ler
within rhc ol-servatlon, In I;elwral in (10h), I J' rj' s are J, 12,,/ s arc 2 and so
ou. ;\!o" if "(' lIIa~T II", t rau-doruuu ion \' - ~ I- - / \" j-. / - I - II I 1 . I. 2 _.... 11
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a --1e_e-IIII/1t-l·j 11'( )1- {/ I -/ III _I
\\ hert' a={/ ; ••• t-a1'1 lIT 1/
No" inl<'l!ral inl! 11111 II in (Ill, "e W'I (a) .
(ii) Sufficiel1cy: To prove this part, \\(" "'hall use the rl'sull of [121 a('cordill/!
10 which, if x I' . " . x
1H
1 . art' indqH~II(ll'llt, pus it ill' var iahlcs , then rlu- ehanl('-
Il'rislip fnl ... t ion uf log YJ'" ,,log )'/1' d.'ll'I'lIIill" Ih.· ehara"ll'I'isli(' fllll"'illll "f
log xJ .••• ,1og xli_Ii up 10 a IeI'm
e Ib . I I I I .. ,- - ,-e . Vrol-I<e( I H' C mraelcnsl Ie ullellOIl u
IIII' lalln du nol lanish al any poiu!. HCIICI', if till' char<ll'lf'risli,' fUII"lion of
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log.\". is ~I.(I.) JlJ('1I il i~ e a ....) 10 ~.'e 11.011
I I I
"11( '/ . '2 . . . . .t,,) .' 1J1(, I ) . . . !fJ" ( '" J I/I,,!_ I ( - i~ I 'i) (/2)
wlu-rc !/J(']. '2' .. , . ',,) i~ Ihl~ dlHraclerblil' fUllelioll 01' lug v} . ,. ,I(}~)'",
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Tl.i .. i....',al:t1~ "hal wr- ~"I I'lIr ,1; It ) ... 1J 1t)0 (-1'·), }} "17" t ] .I
(l:~a) and I..'n'''' 11." ."lIllie'i"III'} follo\\s, Nolo' al!aill Il.al 11.(' 5"('01111 ~1I111 in (]il) is
on r . "s "I.id, are- ('Olilroll('d by l :' sJ . / which ill01 .. 1
No\\ il' a . = a . Ilu-u ill (8) cvrr y u-rm "a" )'
- "j / . 1
10 (9) which i~ dpscrilwll ill [41• I.'urllll~r a (,'omIlII~1I1 on (8) i" ill orcin uow , "('1-
Iurn dl'III'IIt1 011 t he fir~1 ~IIIII.
a --1
)',/' anti helll'e (8) re(llI('e~
ual ly, we 11<1\·eeOIl",id.'red an illlt'rlllt'tlialt'situl1tioll. Thai i~. "I' IH1\l:: tuk eu ex = 1;
rt ... , 1
ill e-cxx a( ax) 1/ /1' (aij) \\'t: could have II'I C( ('hang" in~lt'ad a Theil (8)
\\ it I 11I~ I'v('n ~illll'lpr. In .slId, an ('\'('nl a pari of (In \\'ill be
(/1,1 a-Ir v' ... V " J. 1 . 11 (J 5). (II IlIa
( (t l' I ex I vI f· • •• I IX \,)
" I . '/ ., 1 - . . urn' "
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Silllilarly a t Ilw orh cr c ud , ",' "ollid ha\(' 1..1 11011t (. and a .. hall;; ... ill "hidl ('as,'
pari or (H) "ill lonk l ikr-
(
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Hlld 0jr.'s, (2~) and (24) art' rt'''l'l'l'lh('!y ,hI' mixtur« or 1I01l-(;('lIlral
J
alld 11011111\ non-ren tru l l di,"1riblllioll,-';, Th ... nOIl-"l'lIlralil\-parallll'lt'r
varil'''' [rom t enn 10 Il'rlll a('clInlillll' a'" t lu: -,;\','ollcl ,-';11111 ill (:.!!). I-'lIrlhl'l', I-'roba!.i1il)
illlq:-ral I'WIII (~4) i ... I'a"y 10 ('Ompllll' ""in/l [ III I. [Julv Ihill/l 111'\\i-.; rh.. nailla-
lion 01'Ihl' non-I'I'nlralily 1"lrallll'It'r al ead, ,..\1'1'
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